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Definition 1.1. Acompactum $X$ is called an $(n, G)$-bubble if the following conditions
are satisfied:
(1) $\check{H}^{n}(X;G)\neq 0$ , and
(2) $\check{H}^{n}(A;G)=\mathrm{O}$ for every proper closed subset $A$ of $X$ .
$(n, G)$-bubble $G$ } $n$
Bubble
Example 1.2.
(1) Aconnected dosed $n$-manifold is atypical example of an $(n, \mathbb{Z})- \mathrm{b}\mathrm{u}\mathrm{b}\mathrm{b}\mathrm{l}\mathrm{e}$ . We note
that aconnected non-Orientable $n$-manifold is not an $(n, \mathbb{Q})-\mathrm{b}\mathrm{u}\mathrm{b}\mathrm{b}\mathrm{l}\mathrm{e}$ .
(2) The Warszawa circle is a $(1, \mathbb{Z})$ -bubble.
(3) An $n$-dimensional solenoid is an $(n, \mathbb{Z})$-bubble.
(4) Examples of Dranishnikov [6] and Dydak-Walsh [9] show the existence of an
infinite dimensional $(n, \mathbb{Z})$-bubble.
Example 1.3 [1]. Let $G$ be aPoincar\’e duality group of dimension $n\geq 2$ over a
$\mathrm{P}\mathrm{I}\mathrm{D}R$
such that the image of its orientation character is finite. If $Z$ is a boundary of $G,$ then
$Z$ is an $(n-1, R)$-bubble, in fact, the space is ahomology $(n-1)$-sphere over $R$ .
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Example 1.4 [10]. Let $X$ be a Z-compactification of acontractible open yz-manifold
$M,$ $n\geq 2.$ Then $Z=X\backslash M$ is an $(n-1, G)- \mathrm{b}\mathrm{u}\mathrm{b}\mathrm{b}\mathrm{l}\mathrm{e},$ where a $\mathcal{Z}- \mathrm{c}\mathrm{o}\mathrm{m}\mathrm{p}\mathrm{a}\mathrm{c}\mathrm{t}\mathrm{i}\mathrm{f}\mathrm{i}\mathrm{c}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}$ of
$M$ means a compact $\mathrm{A}\mathrm{N}\mathrm{R}X$ containing $M$ ae an open subset and having the property




Cantor n-manifold with respect to an abelian group $G$
;cohomological dimension $n$ with respect to $G$, and if $A$ is a
closed set of $X$ with $\mathrm{c}-\dim cA\leq n-2$ , then $X\backslash A$ is connected
Mayer-Vietoris exact sequnece $(n, G)$-bubble Cantor n-manifold
with respect to $G$ Cantor $n$-manifold with respect to $G$
:
$\mathrm{P}\mathrm{r}\mathrm{o}\mathrm{p}\mathrm{s}\mathrm{i}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}$ . Let $X=X_{1}\cup X_{2}$ be a compactum such that each $X_{:}$ is a Cantor n-
manifold with respect to G. If $\mathrm{c}-\dim GX_{1}\cap X_{2}\geq n-1$ , then $X$ is also a Cantor
$n$ -manifold with respect to $G$ .
manifolds Cantor manifold
bubble 1 $n$-dimensional compactum Cantor n-manifold
bubble
Theorem 1.5. Let $X$ be a compactum with $\mathrm{c}-\dim_{R}X\leq n$ and $\check{H}^{n}(X, R)\neq 0,$ where
$R$ is $p\sqrt.ncipal$ ideal domain. If there exists a map $f:Xarrow P$ to a polyhedron such
that the induced homomorphism $f^{*}:$ $\check{H}^{n}(P, R)arrow\check{H}^{n}(X, R)$ is an epimorphism, then $X$
contains an $(n, R)$ -bubble.
Corollary 1.6. Let $X$ be a compactum with $\mathrm{c}-\dim_{R}X\leq n$ and $\check{H}^{n}(X, R)\neq 0,$ where
$R$ is principal ideal domain. If $X$ is an $ANR$, then it contains an $(n, R)$ -bubble.
Bubble
Example 1.7 (Pontryagin’s exmple in [11; p. 331]). For every prime $p$, there
exists a2-bubble $X_{p}$ such that $\dim X_{p}\mathrm{x}X_{q}\leq 3$ for $p\neq q$ .
Dranishnikov :
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Example 1.8. For every prime $p$ , there exists a4-bubble $N_{p}$ in a $4$-dimensional $\mathrm{A}\mathrm{N}\mathrm{R}$
such that $\dim N_{p}\cross N_{q}\leq 7$ for $p\neq q$ .
\S 2 BUBBLES AND HOMOGENEITY
ANR homogeneity Bing-Borsuk
$\mathrm{A}\mathrm{a}$ :
Conjecture [2]. An $n$ -dimensional homogeneous $ANR$ continuum is an n-manifold.
Bing-Borsuk $n\leq 2$ $n=3$
Jakobsche Bing-Borsuk Poincare’ G
$\mathrm{A}\mathrm{a}$
$\mathrm{L}\mathrm{y}\mathrm{s}\mathrm{k}\mathrm{o}_{\text{ }}$ Seidel. Krupski $\mathrm{A}\mathrm{a}$ $X$ n-
dimensional homogeneous ANR continuum
(1) Let $Z$ be aclosed set in X. Then $\dim Z=n$ if and only if Intx $Z\neq\emptyset$ .
(2) Let $U,$ $V$ be subsets of $X$ with $U\cong V$ . Then $U$ is open in $X$ if and only if $V$ is
open in $X$ .
(3) $X$ is an $n$-dimensional Cantor manifold.
(3) :
Theorem. A homogeneous $ANR$ continuum $X$ with $\mathrm{c}-\dim_{R}X=n$ and a non-trivial
$n$ -dimensional cohomology group in $R$ is an $(n, R)$ -bubble, where $R$ is a $PID$ and $n\geq 1$ .
In particular, in the‘ case $R=\mathbb{Z}$ , such a space is an n-bubble.
Bing-Borsuk :
Problem. Let $X$ be an $n$ -dimensional homogeneous $ANR$ continuum. Is it $tme$ that:
(1) $X$ is cyclic in dimension $n$ ,
(2) no compact subset of $X$ , acyclic in dimension $n-1$ , separates $X$ ?
:
Corollary. Let $X$ be an $n$ -dimensional homogeneous $ANR$ continuum which is cyclic
in dimension $n$ . Then no compact subset of $X$ , acyclic in dimension $n-1$ , separates
$X$ .
W. Kuperberg
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